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LU Decomposition Method for Solving Fully
Fuzzy Linear System with Trapezoidal Fuzzy
Numbers

S. Radhakrishnan, R. Sattanathan and P. Gajivaradhan

Abstract--- System of simultaneous linear equations plays
a vital role in mathematics, Operations Research, Statistics,
Physics, Engineering and Social Sciences etc. In many
applications at least some of the system’s parameters and
measurements are represented by fuzzy numbers rather than
crisp numbers. Therefore it is imperative to develop
mathematical models and numerical procedures to solve such
a fuzzy linear system. The general model of a fuzzy linear
system whose coefficient matrix is crisp and the right hand
side column is an arbitrary fuzzy vector. In the fully fuzzy
linear system all the parameters are considered to be fuzzy
numbers. Since triangular fuzzy numbers is a special case of
trapezoidal fuzzy numbers, hence in this paper we considered
fully fuzzy linear system with trapezoidal fuzzy numbers. LU
decomposition method for a crisp matrix is well known in
solving linear system of equations. We discuss LU
decomposition of the coefficient matrix of the fully fuzzy linear

system, in which the coefficients are trapezoidal fuzzy
numbers.
Keywords---  Fully  Fuzzy Linear System, LU

Decomposition, Trapezoidal Numbers

. INTRODUCTION

HE concept of fuzzy numbers and fuzzy arithmetic

operations were first introduced by Zadeh. M. Fridamn,
M. Ming , M. Kandel [1] introduced a general model for
solving a fuzzy n x n linear system whose coefficient matrix is
crisp and the right hand side column is a fuzzy vector of
positive fuzzy numbers. M. Dehghan, B. Hashemi, M. Ghatee,
[3 ] are solved n x n fully fuzzy linear system using direct
method, Cramer’s rule, Gauss Elimination, Doolittle & Crout
factorization methods and Linear programming approach.
Amit Kumar, Neetu, Abhinav Bansal [8] discussed
consistency of the fully fuzzy linear system and the nature of
solutions.  S.H. Neseri, M. Sohrabi, E. Ardil [5] Proposed
a method for solving fully fuzzy linear systems by certain
decomposition (LU) of the coefficient matrix with triangular
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fuzzy numbers. M. Mosleh, M. Otadi and A. Khanmirzaie
[6] introduced ST decomposition for 2x2 fully fuzzy linear
systems with triangular fuzzy numbers. P. SenthilKumar, G
Rajendran, [9] have solved n x n fully fuzzy linear system
using Cholesky method. Amit kumar, Abhinav Bansal, Neetu
[10] are bring in a new method for finding the non negative
solution of fully fuzzy linear system without any restriction on
the coefficient matrix. kumar, Neetu, Abhinav Bansal [11] are
put in a new method for finding the non negative solution of
the m x n fully fuzzy linear system without any restriction on
the coefficient matrix using Linear programming problem
method. Nasseri et al. [7] proposed Greville’s method to find
the positive solution of fully fuzzy linear system. T.
Allahyiranloo [2] proposed solution of a fuzzy linear system
by iterative methods such as Jacobi and Gauss Seidel methods.
A.K. Shyamal and M. Pal [4] discussed Triangular Fuzzy
matrices.

The structure of this paper is organized as follows

In Section 11, we present some basic concepts of fuzzy set
theory and define a fully fuzzy linear system of equations. In
Section 111, A numerical method for computing the solution of
Fully fuzzy linear system is discussed. Section IV deals with
a Numerical example to illustrate the above method. Section V
ends this paper with conclusion and References.

1. PRELIMINARIES

e Definition 2.1: A fuzzy subset A of R is defined by
its membership function uz : R — [0,1], which
assigns a real number pxz in the interval [0, 1], to
each element xeR, Where the value of pz at x
shows the grade of membership of x in A.

e Definition 2.2: A fuzzy number A = (m, n, o, B) is
said to be a trapezoidal fuzzy number if its
membership function is given by

m-—Xx
1 a

na(x) = 1— %1
2

, m—oasx<ma>0
1, m<x<n
nsx<n+ >0

0, otherwise

e Definition 2.3: A fuzzy number A is called positive
(negative), denoted by A > 0 (A < 0), if its
membership function px(x) satisfies pz(x) =0, V x <
0(Vx=0).
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e Definition 2.4: Two fuzzy numbers A = (m, n, o, B)
and B = (p, q, 7, 8) are said to be equal if and only if
m=p,n=g, o=y, and § =8.

e Definition 2.5: A Trapezoidal fuzzy number A = (m,
n, o, B) is said to be zero trapezoidal fuzzy number if
and only if m= 0, n =0, o =0, B=0.

o Definition 2.6: Let A= (3;) and B = (by)
be twom X n and n X p fuzzy matrices. We
define 4 ®B = C = (&,) Which is the m X p
matrix where

@

Cij = z &ik ®Bk]

k=1,2..n

e Definition 2.7: Arithmetic operations on trapezoidal
numbers

LetA; = (m,n,o,B) and A, = (p,q,y,d) be two
trapezoidal fuzzy numbers then

(I) Kl ® Z2 = (m' n,q, B) ® (p' qa.Y, 6)
= (m+p, n+q, o +y, p+3)
(”) _Kl =- (m, n, o, B) = (_ n, —m, B' 0(.)

(iii) A;> 0 and A,> o then
Al ® AZ = (m, n,q, B) ® (p' q,Y, 6)
= (mp, ng, my + pa, nd + qp)

e Definition 2.8: A matrix A = (&) is called a fuzzy
matrix, if each element of A is a fuzzy number. A
fuzzy matrix A will be positive and denoted by
A > 0, if each element of A be positive. We may
represent n X n fuzzy matrix A = (@;;)axn such that
a;j = ( ay, bjj, my;,n;;), with the new notation
A=(ABM,N), where A=(a;;), B=(by)
M= (my), N=(n;) are four n X n crisp
matrices.

e Definition 2.9: A square fuzzy matrix A = (@) will
be an upper triangular fuzzy matrix, if ;= 0=
(0,0,00) V i > j, and a square fuzzy matrix
A= (@;;) will be a lower triangular fuzzy matrix, if
4;= 0=(0,000) Vi <j.

e Definition 2.10: Consider the n X n fuzzy linear
system of equations

(dll ®f1) @ (dlz @fz) @ ......... @(dln @fn) = El
(G ®F)) @ (Gyy OFy) .. ... ... @ (dy, ®%,) = b,
(G OFp) @ (A, OFp) P ... ... & Gy OFn) b,

The matrix form of the above equations is A ®% = b

Where the coefficient matrix 4 = (@;),1<i,j<nisanXn

fuzzy matrix and ij]- € F(R). This system is called a fully
fuzzy linear system.

In this paper A ®% = b where A = (A, B, M, N), ¥ =

(x, y,zzw)>0 and b=(b,g,h,k)>0
We have
(A,B,M,N) ® (x,¥,2z,w)=(b,g,h,Kk)

Using 2.7 (iii) we have
(Ax, By, Az + Mx, Bw + Ny) = (b, g, h, k)

Using 2.4 we have

Ax=b
By=g
Az + Mx=h
Bw +Ny = k

By assuming that A and B are non-singular matrices we

x= A1
y=B7'g
z= A"'(h — Mx)
w = B71(k — Ny)

Il. A LU DECOMPOSITION METHOD FOR SOLVING FULLY
Fuzzy LINEAR SYSTEMS FOR TRAPEZOIDAL Fuzzy
NUMBERS

A. Theorem 3.1

Let A be an n X n matrix with all non-zero leading
principal minors. Then A has a unique factorization A =L U,
Where L is unit lower triangular and U is upper triangular.

Assume that A = (A, B, M, N), where A and B are the full
rank crisp matrices. Then if we let

(L1,L2,0;0) & (Up U,, U3'U4) = (A' B,M,N)

Using 2.7 (iii) we have

(L1U1! LZUZJ L1U3 1L2U4) = (A'B'M'N)
LU =4A= U =LA
L,U, =B = U, = L;'B
LUs =M =U; = L7'M
LU, =N =U, = L;'N

Where matrices L, and L, are lower triangular crisp
matrices and matrices U; and U, are upper triangular crisp
matrices.

Consider the fully fuzzy linear systems.

We are going to construct a method for solving fully fuzzy
linear systems A®x% = b , Where A= (A4,B,MN),
=, vy 2z w),b= (b, g ,h, k), that is
(A,B,M,N) ® (x,y,z,w)=(b, g, h, k)

(L1Uy, LUy, LyUs, LoU,) ® (x,y,2,w) = (b, g,h, k)

Using 2.7 (iii) we have
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(L]_le, L2U2y, LlUlz + L1U3x,L2U2W + L2U4_y) =
(b,g,h, k)

The current system by use of Definition2.4 can be rewrite
as follows

L1U1.x = b
LUy =g
LlUlz + L1U3x =h
L2U2W+L2U4y =k

Therefore
x= UL
y= U;'L'g

zZ = Ul_lLIl(h - L1U3x)
w= Uz'Ly'(k — LUsy)

B. Algorithm
(Fully Fuzzy Linear Systems Solver)

Step 1: Assume that A = (4, B, M, N), Where A and B are
the full rank crisp matrices.

Compute LU- decomposition for crisp matrix A = L; U,
and B = LZ UZ

Step2: SetL; =0and L, =0

Step 3: Compute U; = L{1M

Step 4: Compute U, = LN

Step 5: Compute the solution of the fully fuzzy system
(A,B,M,N) ® (x,y,z,w) =(b,9,h,Kk) as follows

x= ULTb

y= Uz'Lz'g

z= U7L7Y(h — L Usx)

w= U;'Ly'(k — LUsy)

(AVA NUMERICAL EXAMPLE
Consider the following fully fuzzy linear system

(316:212) ®(x1' yl' Zl: Wl)@(4167112)® (xZ' yZ' ZZI WZ):
(27,66,26, 58)
(4;51111) ® (xl' ylP21P Wl)@(51811’2)®(x2: yZIZZ' WZ):
(35,70,25,55)

Solution:
written as

(3,6,22) (46,1,2)
[(4,5,1,1) (5,8,1,2)”

The given fully fuzzy linear system can be

(%1, Y1, 21, W1) ]_[(27,66,26,58)
(x2,¥2,22,w2) 1 1(35,70,25,55)

=} fo=l¢ fhu=F; JoF: 3
b= [35]’9 = [7?]'h; [235]'k : [55
A=L U= [4/3 1] [0 —1/3]

B [1 0][6 6
B‘LZUZ‘[5/6 1][0 3

Us = Li'M = [—i/3 (1)] ﬁ ﬂ B [—5/3 —11/3]
Uy= L3'N = [—51/6 (1)] [i g - [—22/3 133]

x=A""b= U;'Li'b = [g]
y= Blg=U;'L;'g = [g]
7 = A—l(h — Mx) = Ul_lLIl(h —LUsx) = [i]

_ - 3
w= BTk = Ny) = U7'L3" (k - LUsy) = []
% = (5,6,3,3) and %, = (3,5,1,3)

V. CONCLUSION

In this paper, the solution of fully fuzzy linear system is
obtained by LU decomposition method in the form of
trapezoidal fuzzy number matrices. We assumed [1;77, =0
because, it will reduce the computational work and our aim is
to find a lower triangular structure for Crisp matrices for A
and B not for M and N [3].
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